Introduction
The definition of the determinant of an endomorphism of a free module depends on the following fact: If F is a free i\?-module of rank n, then the homogeneous component Λ M F, of degree n, of the exterior algebra Λ F of F is a free Z?-module of rank one. If a is an endomorphism of F, then a extends to an endomorphism of Λ F which in I\ n F is therefore multiplication by an element of R. That factor is then defined to be the determinant of or. (A discussion of this theory may be found in [4] .)
This procedure cannot be applied in general to finitely generated projective modules since, for such modules, it may happen that no homogeneous component of the exterior algebra is free of rank one.
In this note we show how to define the determinant of an endomorphism of a finitely generated projective module over any commutative ring. If E is a finitely generated projective /^-module, then E is a direct summand of a finitely generated free module: E 4-Ei = F. If α is an endomorphism of E, extend a to an endomorphism a x of F by defining a\ to be the identity on Ei.
It is proved that detαri depends only on E and a, and not on the choice of Eι\ we then define άeta to be detαri. The usual elementary properties of the determinant are valid in this more general setting and are immediate consequences of the definition. If p is a prime ideal of R, the i?p-module E®Rp t being a finitely generated projective module over a local ring, is free we call its rank the p-rank of E. n With the above notation ^(0, E, X) = *ΣeiX\ we have the following result:
By forming the iOG-module E&RZX], we define the characteristic polynomial φ(a, E, X) of an endomorphism a of is as det (X-a ® 1
given p, exactly one coefficient fails to lie in p, and if a $ p, then the p-rank of E is i.
We follow the customary terminology in dealing with projective modules:
all rings have unit elements, ring homomorphisms carry the units into units and all modules are unitary.
Section 1. The Determinant of an Endomorphism
Let R be a commutative ring and E a finitely generated projective i?-module.
Because E is both projective and finitely generated, E is a direct summand of a finitely generated free R-module: Fχ = E + Eι. Consequently, 9ί = R and a -0.
As an immediate consequence of the lemma we have the following proposition. PROPOSITION 1.2.
2)
Let E be a finitely generated projectiυe R-module. For In view of this proposition, we define det ori as the determinant of a, and denote it by det a. It is clear that for a free module the present definition coincides with the usual one.
There are several properties of determinants which follow directly from the definition. PROPOSITION 
Let E be a finitely generated projective R module. If
αje Horn* (£, E), then det (aβ) = det a det β. Also, det 1 = 1. Finally,
a is an automorphism of E if, and only if> det a is a unit in R.
Proof. We use the same notation as above, F=E + Eι.
It is clear that
Kaβ)i = <xiβi, from which the multiplicative property of det follows. Also li • = 1, whence det 1 = 1. If or is an automorphism of E f these relations show that det a is a unit in R. On the other hand, suppose that det a is a unit in R.
Then ai is an automorphism of F. One verifies immediately that aϊ 1 maps E into itself, and is the inverse of a on E. Therefore a is an automorphism of E. Suppose that /: R ~> S is a homomorphism. Then / gives S the structure of an i?-module and E® R S is a finitely generated projective S-module, where E is a finitely generated projective Rmodule. If a e Hom^ (E, E), then <x®l is an endomorphism of E®S over S. In case E is R-free, it is obvious that det (a <g> 1) =/(det αr). If follows immediately from the definition of determinant that this relation holds also in the case where E is projective, not necessarily free. Thus, we have: PROPOSITION 
Let E be a finitely generated projective R-moduίe and a e Horrid {E, E). Let f: R -> S be a ring homomorphism. Then, α®le Hom s

{E®S, E®S) and άet{a®l) ^f(άeta).
There is a final simple property of determinants analogous to the classical situation. We shall omit the proof since it is a straightforward consequence of the definition. PROPOSITION 1.5. Let Ei and E 2 be finitely generated projective R-modules, and let αri eHom B (£i , Ei). Then, det (αri-f αr 2 ) =detαπ detα 2 .
Section 2. The Characteristic Polynomial
Let R be as above, and let R\_X~\ be the ring of polynomials in one indeterminate over R. If £ is a finitely generated projective R-module, then
E®RLX1 is a finitely generated projective i?[Z]-module. Let a e Hom B (E, E).
Then <x®l is an endomorphism of E®RίXl, while multiplication by X is another endomorphism. Thus, X-a® 1 e Hom B ιχ} (E®RCX3, E®RίXl) and det (X-a® 1) e RίXl is called the characteristic polynomial of a. We shall denote it by ψ(oc t E, X). It follows immediately from proposition 1.5 that Proof. We note first that the Cayley-Hamilton theorem is true in case E is free. The usual proof of the theorem for vector spaces, as for example in [2] , is valid for free modules over any commutative ring. struction shows that det 0 need not be 0 in general although it is the zero endomorphism of E. Some properties of det 0 will be discussed later.
Section 3. The Local Rank of a Module
Let E be a finitely generated projective ivNmodule. If p is a prime ideal of R, then E®Rp is a free ify-module of finite rank. We shall call the rank of we have βj Φ p for some prime ideal p. It follows from the above that the prank of E is just j.
We have as an immediate consequence the following:
. If R has no non-trivial idempotents, then the p-rank of E
is the same for all p.
If we set f (0, E, X) = ^e i X i with e n # 0, theorem 3.1 shows that n is
the maximum of all p-ranks of E. We shall call n the R-rank of E. Theorem 3.1 also shows that the p-ranks of E are completely determined by the knowledge of the polynomial ψ{0 t E, X). p-rank of E is n and therefore fp(a n ) = 1-Hence α n -l is annihilated by some element of i? not in p. Denote by b the annihilator of a n -1. We have therefore the implication: e n Φ P =^ ί) C p. It follows immediately that e n <Ξ rad b.
THEOREM 3.3. If the R-rank of E is n, then for any endomorphism a of E the polynomial ψ(a f E> X) has degree n. Furthermore, the leading coefficient of ψ(a, E, X) is independent of oc.
Since e n is idempotent, this shows that β«eb, or e n an-e nNow suppose p is such that e n e p. Then the p-rank of E 1 is less than n, so that / 9 (a n ) = 0. If c is the annihilator of # w , we find : ^ep^cΦί). Now, g«eί) is the same as 1 -e n Φ P, and therefore we conclude that 1 -^Λe rad c.
Again, because 1 -e n is idempotent, we have 1 -e n e c or (1 -β«)«« = 0. Thus, Λ n = ^fl n . Since we have already established the equality e n a n~en , we conclude that a n = e n Section 4. The Exterior Algebra
Before starting on the proper subject matter of this section, we need some preliminary results. If £" is an i?-module we call the annihilator of E, and denote by a(E), the set of all aei? such that αii^O. Clearly α(£) is an ideal in R. We say that E is faithful if α(£) = 0. LEMMA 
7/* E fs α finitely generated projective R-module, then a(E) is a direct summand of R.
Proof. The lemma is a consequence of the considerations in the appendix of [1] . However for the sake of completeness we include a proof of the statement. Let % be the ideal in R generated by all fix) as x ranges through E and / ranges through YίomuiE, R). Then, we shall show that R = a(E) +%.
If flGoffl, then af(x) = /(αz) =0, so that a(E)%^0.
Let Xi, . . . , x n be a set of generators of E, and let F be a free ^-module of rank n. By mapping the generators of F onto the xι we obtain an epimorphism of F on E since E is projective, it follows that E is a direct summand of F. Let /i, ...,/» be the restrictions to is of the coordinate maps of F.
Then, /,-e Horn* (E, R) and Σ/K:y)#ί = j y> for aUjyeE. In particular, we have for details concerning ΛE). In general we have ,\°E=R *anά
Also, Λ f '(£i 4-E 2 ) = Σ Λ y £i® Λ lW £ 2 (direct sum). If F is a free module, then Λ ι F is also free. If follows from this that Λ * E is a finitely generated projective iv?-module whenever E is a finitely generated projective i?-module. 
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= 0. But Σβί = 1 -βn,'so that Λ M £ is faithful is equivalent with e n = 1.
Since the various £/ are mutually orthogonal, the latter condition is equivalent with ψ(0, E, X) = X n . It then follows also that each n( Λ i+ι E) = 0 for i<n-1.
Since £o = det 0 we have immediately the following. Since the i?-rank of J5Ί -f £2 is obviously n± + w 2 , it follows that E\ 4-^2 is orien- 
